Relativistic virial relation for cosmological structures by Javadinezhad, Reza et al.
ar
X
iv
:1
51
0.
04
42
9v
2 
 [g
r-q
c] 
 1 
Fe
b 2
01
6
Relativistic virial relation for cosmological structures
Reza Javadinezhad
Department of Physics, Sharif University of Technology, Tehran, Iran ∗
Javad T. Firouzjaee
School of Astronomy, Institute for Research in Fundamental Sciences (IPM), P. O. Box 19395-5531, Tehran, Iran †
Reza Mansouri
Department of Physics and Institute for Advanced Studies, University of Kashan, Kashan, Iran and
School of Astronomy, Institute for Research in Fundamental Sciences (IPM), Tehran, Iran‡
Starting with the relativistic Boltzmann equation for a system of particles defined by a distribution
function, we have derived the virial relation for a spherical structure within an expanding background
in the context of general relativity. This generalized form of the virial relation is then applied to
the static case of a spherically symmetric structure to see the difference in the simplest case to the
Newtonian relation. A relativistic Mass-Temperature relation for this simple case is also derived
which can be applied to compact objects in astrophysics. Our general virial relation is then applied
to the non-static case of a structure within an expanding universe where an extra term, usually
missed in studies of structures in the presence of the dark energy, appears.
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2I. INTRODUCTION
The study of the virial relation in the context of general relativity has a long history. Beginning with the early
work of Lindquist [1] on the covariant collision-less Boltzmann equation, Jackson [2] published a first formulation
of general relativistic virial theorem using the kinetic theory approach for a case of static spherically symmetric
structure. His approach has been extended to the virial theorem in the modified gravity theories[3]. There has been
another approach to relativistic virial theorem using some of the Einstein equations or its foliation to define energy
and derive an equation similar to the classical virial relation. Authors in [4] derive a relation including terms to be
interpreted in the Newtonian limit as potential and kinetic energy using the ADM foliation for a static asymptotically
flat space-time, based on the older paper [5]. Recently Meyer et al. [6] have written a relativistic version of the virial
theorem for the ΛCDM cosmologies, using a heuristic approach in defining a potential and kinetic energy term. There
are different aspects of the context of general relativity, or the formulation of the virial theorem in general relativity.
Usually, in speaking of a relativistic condition, one think of the strong gravity regime. There is however another area
in the cosmology and astrophysics where general relativistic effects may come in without being in a strong gravity
regime. This happens when one is dealing with non-local or large scale phenomena [7–10, 12]. The expansion of the
universe, as an example, is a general relativistic effect at large scale in a very weak gravity regime: assuming any
non-zero density, however small it may be, Einstein equations lead to a non-static expanding universe, in contrast to
the Newtonian gravity. The general relativistic virial theorem in the cosmological context, therefore, may reveal novel
features not expected from the semi-relativistic static cases. The main motivation of our current study is to find out
if one has to expect novel general relativistic features while interested in large scale problems within astrophysics and
cosmology.
The paper is organized as follows. In the section II we present a short overview of classical virial relation. The
general relativistic version of the virial theorem is discussed in the section III. We will then apply our relativistic
virial relation to some cosmological models in the section IV. The results are then discuss in section V. Appendices A,
B and C are aimed to clarify some of the calculations. Throughout the paper Latin indices are used for orthonormal
basis and the Greek ones for the coordinate basis.
II. CLASSICAL VIRIAL RELATION
Consider a classical system consisting of N particles with the density ρ being bounded by a potential U(~r) [11].
The system is said to be stable if the characteristic time of its evolution is long relative to the characteristic time of
the system. The system may then be assumed to be in equilibrium with a distribution function f depending on the
phase space coordinates. In case of symmetries, one usually choose coordinates adapted to these symmetries taking
care of the distribution function which is a scalar density rather than scalar. With (~x, ~p) being the coordinates in the
phase space we have
N =
∫
f(~x, ~p) d3p d3x. (1)
Within the kinetic theory of gases, the inertia tensor is then defined as
Iij =
∫
fxixjd3p d3x. (2)
The Euler equation for the system with the pressure P , the density
ρ =
∫
mf d3p, (3)
and the velocity vector field ~v, is written as
ρ
d~v
dt
= −ρ∇U −∇P. (4)
Using now the collision-less constraint, i.e. vanishing the total time derivative of the distribution function, and
combining (3) and (4) we obtain
∂f
∂t
+ ~v
∂f
∂~x
+ ~˙v
∂f
∂~v
= 0. (5)
3The time derivatives of the inertia tensor, playing a key role in the classical virial theorem, is then given by
dIij
dt
=
∫
m
∂f
∂t
xixjd3p d3x. (6)
Using now the constraint equation (5), and integrating by part we obtain
dIij
dt
=
∫
mf (vixj + vjxi)d
3p d3x, (7)
where m is the particle mass and ~p is defined as
~p = m~v.
The second time derivative leads to the virial relation we are looking for:
d2Iij
dt2
= m
∫
∂f
∂t
(vixj + vjxi)d
3p d3x
= m
∫
(−~v.
∂f
∂~x
+ (~∇U +
~∇P
ρ
).
∂f
∂~p
) (vixj + vjxi)d
3p d3x
= m
∫
f (vkviδ
k
j + vkvjδ
k
i )−m
∫
f (
∂U
∂xk
+
1
ρ
.
∂P
∂xk
)(xiδ
k
j + xjδ
k
i )d
3p d3x
= 2m
∫
f vivjd
3p d3x− 2m
∫
f
∂U
∂xj
xid
3p d3x+ 2(Pavg − Pb)V δ
j
i ,
where the average pressure is defined by PavgV =
∫
P d3x. We have added the surface term 2PbV , with Pb being the
pressure on the boundary of the system, and V the volume of the system. Although it is common to assume that the
pressure on the boundary vanishes, we will keep this term for comparison to the relativistic cases. Defining now
Kij =
1
2
∫
f vivjd
3p d3x, (8)
Wij = −
∫
f
∂U
∂xj
xid
3p d3x, (9)
we arrive at the following tensorial virial theorem including the surface term:
1
2
d2Iij
dt2
= 2Kij +Wij + (Pavg − Pb)V δ
j
i . (10)
The trace of the above equation gives then the classical scalar virial theorem:
1
2
d2I
dt2
= 2K +W + 3(Pavg − Pb)V. (11)
Assuming the equilibrium, i.e. d
2I
dt2
= 0, we arrive at
2K +W + 3PavgV = 3PbV. (12)
This general classical result is usually the one also used for complex gravitating systems at the solar system and
galactic scales. We, however, are looking for cases where the non-linear effects due to general relativity may play a
role where one is forced to used the general relativistic effects and is not any more allowed to use this classical virial
theorem anymore.
III. RELATIVISTIC VIRIAL RELATION FOR NON-STATIONARY SPHERICAL SYMMETRIC
SPACE-TIMES
One of the simplest and widely used cases in astrophysics and cosmology are spherically symmetric structures such
as cluster of galaxies. There, it is safe to assume the model of a collision-less gas. Given the expansion of the universe,
we therefore assume the space-time metric to be spherically symmetric but in general non-stationary.
4A. Collisionless Boltzmann Equation
Let’s start with the generalization of the Boltzmann equation in the form (see [1, 13])
df
dλ
= C[f ]. (13)
The source term C[f] on the RHS takes into account all possible interactions. In the collisionless cases we are
interested in this collision term vanishes.
From now on we will use the tetrad basis. This simplifies the calculation specially in the presence of some symmetries
where local coordinate systems will be adapted to it. There is a subtlety in calculating the total time derivative where
both space-time and momentum coordinates have to be taken into account due to the mass shell relation reducing
the number of total variable to 7 (see (15)). Thus, we may write
paDaF = 0, (14)
where
Da = ∂a − Γ
i
acp
c ∂
∂pi
(i = 1, 2, 3), (15)
with Γcab being the spin connection coefficients in tetrad basis defined by
Γbac ≡ e
α
ae
b
γe
γ
c;α. (16)
We now assume a non-static inhomogeneous spherically symmetric space-time given by the Lemaître metric in the
form
ds2 = −e2α(t,r) dt2 + e2β(t,r) dr2 +R(t, r)2dΩ2. (17)
Note that we have still the freedom of choosing a new t and r coordinate such that R is independent of t (see
appendix C). Using (A1), (16), (17), and calculating the coefficients Γbac, the equation (14) leads to
ui∂if −
∂f
∂ur
(α′ut.ut + β˙ur.ut −
R′
R
(uθ.uθ + uφ.uφ))−
∂f
∂uθ
(
R˙
R
uθ.ut +
R′
R
uθ.ur −
cot(θ)
R
uφ.uφ)
−
∂f
∂uφ
(
R˙
R
uφ.ut +
R′
R
uφ.ur +
cot(θ)
R
uθ.uφ) = 0. (18)
As already noted, although the space time is assumed to be non-static, we still may talk about the equilibrium and the
virial relation given that the characteristic time scale of our system is much less than the cosmic time scale. This may
be revealed by showing that although the space-time is expanding and having no time-like Killing vector, structures
up to about 10 Mpc have a time-like Killing vector within an accuracy of about 10−4, as shown in the appendix B
(see also [6]). This is equivalent to saying the characteristic time scale of the evolution of our system is much larger
than the time scale of the expansion of the universe. We are therefore allowed to talk about quasi-equilibrium and
the related virial relation.
In the following, the derivative with respect to r coordinate is denoted by ′ while ˙ is used to denote the derivative
with respect to t. In our tetrad basis the r dependence due to the spherical symmetry is translated in the dependence
on uθ.uθ+uφ.uφ. We may then write the dependence of f in the form f(ur, (uθ)2+(uφ)2, r, t) leading to the condition
uθ
∂f
∂uφ
− uφ
∂f
∂uθ
= 0. (19)
We may then expand the equation (14) in the form
ut∂tf + u
r∂rf −
∂f
∂ur
(α′ut.ut + β˙ur.ut −
R′
R
(uθ.uθ + uφ.uφ))− (
∂f
∂uθ
uθ +
∂f
∂uφ
uφ)(
R˙
R
ut +
R′
R
ur) = 0. (20)
5Multiplying now the relation above by urdω with dω = dp
rdpθdpφ
pt
being the invariant volume element, and integrating
over the momentum space, we arrive at the following form of the Boltzmann equation:
∂(ρut.ur)
∂t
+
∂(ρu¯2r)
∂r
+ α(t, r)′ρ(u¯2t + u¯
2
r) + (2β˙(t, r) +
2R˙(t, r)
R(t, r)
)(ρut.ur) +
R′(t, r)
R(t, r)
(ρ(2u2r − u¯
2
θ − u¯
2
φ)) = 0. (21)
The bar over the quantities indicate the average over the momentum space.
B. Final Form of the Virial Relation
Using now the Einstein equations and the energy momentum tensor in the form
Gρν = 8πTρν , Tρν =
∫
fuρuνdΩ , dΩ =
dur duθ duφ
ut
,
with G01 and G00 components written as
8πρ(utur) = −2
e−(α+β)
R
[R˙′ − R˙α′ − β˙R′], (22)
8πρ(u2t ) = e
−2α(
R˙2
R2
+ 2
R˙
R
β˙) + e−2β(2
R′β′
R
− 2
R′′
R
−
R′2
R2
) +
1
R2
, (23)
the Boltzmann equation (21) may be written as
2K +Ω−
∫
R2e−(α+β)[R¨′ − R¨α′ +
R˙
R
(R˙′ − R˙α′ −R′β˙ +Rα′(α˙− β˙)) +R′(α˙β˙ − β¨ − β˙2)− 2R˙′α˙]
= (4πR3ρu2r)
r0
0
, (24)
where we have used the same symbol K for the following term similar to the Newtonian and static general relativistic
kinetic term:
K =
1
2
∫
4πR2R′ρ(u2r + u
2
θ + u
2
φ). (25)
The symbol Ω stands for
Ω = −
∫
4πR3α′ρ((u2t + u
2
r), (26)
which in the static case reduces to the familiar potential energy. The third term in this equation is novel and due to
the non-static nature of our space-time.
Note that our systematic approach using a relativistic statistical picture and the Einstein equations leads directly to
terms which could be identified as the potential and kinetic energy for a localized structure, in contrast to the ad hoc
definitions for the kinetic- or potential energy and the energy conservation based on classical concepts in [4], [5], and
[6]. In addition, in contrast to the previous papers, our approach is fully embedded in an FRW expanding universe
without any approximation, i.e. we have assumed a dynamical exact solution of Einstein equations leading to FRW
at infinity which is the most generalized model of a collapsing spherically symmetric cosmological structure within
an otherwise FRW universe, without any extra assumptions about the staticity of the solution outside the structure,
as in [6]. Therefore, we have implemented the complete non-linear effects of the solution outside the structure on the
virial relation within the structure. This assure us of any existing global effect due to the non-linearity of general
relativity despite the very weak gravity at large, or due to any local strong gravity effects. Although the assumption
of asymptotic flatness is not assumed explicitly in [6], the mere fact of assuming the Schwarzschild-de Sitter static
solution excludes any dynamical effect due to the full FRW expanding solution on the structure and the freezing out
of extra degrees of freedom and the non-linearity of the Einstein equations (see [20]).
6IV. APPLICATION FOR SOME COSMOLOGICAL MODELS
A. Schwarzschild-de Sitter model and its Newtonian Limit
Let us apply our virial relation (24) to a static spherically symmetric space-time, neglecting the back reaction of
the system of particles to the metric. Using the Schwarzschild-de Sitter metric form in
ds2 = −(1−
2m
r
+
Λ
3
r2)dt2 +
1
1− 2m
r
+ Λ3 r
2
dr2 + r2dΩ2, (27)
we obtain
2K +Ω +
1
3
ΛI = 3PbV (28)
as the relativistic virial relation. The symbols Ω and I are defined as
Ω = −
∫ Rc
0
m
r
+ Λr
2
3
1− 2m
r
+ Λr
2
3
4πρr2dr , I =
∫ Rc
0
4πρr4dr, (29)
similar to the Newtonian counterparts. Note the role of the boundary pressure Pb in the boundary term [14]:
3PbV = 4πρ(Rc)R
3
cu
2
r(Rc)
. (30)
The integrand of Ω in its general form can be expanded in powers of the Newtonian potential, ΩN =
m
r
+ 16Λr
2, used
in the familiar structure formation studies at large scales [16].
B. Virial Theorem inside a star
One of the simplest application of our approach to the virial theorem is the case of a static structure. This will show
us how the general relativistic modifications of the theorem may looks like. Assuming now a static and spherically
symmetric structure, say a star, the TOV equation relating the pressure (p) and the density (ρ) is given by
dp
dr
=
(ρ+ p)(2m(r) + pr3)
2r(2m(r) − r)
, m(r) =
∫ r
0
4πρr2dr. (31)
Our virial relation (24) will be simplified by vanishing of the time derivatives of the metric functions. Specifically we
need to calculate α′ given by the equation of motion
dp
dr
= −α′(p+ ρ). (32)
In addition, assuming random local motion of the particles inside the star, it turns out that for the average of squared
component of velocity measured by local observer in tetrad frame we have u2θ = u
2
φ = u
2
r. Therefore, the relativistic
virial relation for such a configuration is given by
2K +Ω+
∫ R
0
16π2r4(pρ)dr
1− 2m(r)
r
= 3PbV, (33)
with Ω = −
∫ R
0
m(r)dm(r)
r−2m(r) . An equation of state for matter is needed to This is simplified by the assumption of an
equation of state f(ρ, P ) = 0 allowing to eliminate the pressure from the virial equation. Assuming the system is
virialized, one can relate the kinetic energy to the temperature [14] and get the mass-temperature relation. For a
monoatomic uniform virialized gas the kinetic energy may be written as
K =
3MgaskBT
2µmp
, (34)
7where kB is the Boltzmann constant, Mgas is the total gas mass, µ = ρ/nmp is the relative mean molecular mass of
the gas, and mp is the proton mass. Hence the relativistic mass-temperature relation is given by
T =
µmp
3MgaskB
(
3PextV −
∫ R
0
16π2r4(pρ)dr
1− 2m(r)
r
+
∫ R
0
m(r)dm(r)
1− 2m(r)
r
)
. (35)
In astrophysics the mass-temperature (luminosity) relationship is an important issue to verify different models of the
star formation [17] and the physics of clusters and galaxies [18]. This relativistic equation may help us to have a more
viable verifying relation for these astrophysical models.
C. Relativistic Virial Relation for Perturbed FRW
We turn now to a more realistic example of the structures within an expanding cosmological background. To model
such a structure, let us begin with a perturbed FRW model representing the dynamics of a structure within the
expansing universe in the linear regime[15]. We use the so-called Newtonian gauge and write the perturbed FRW
metric keeping first order terms in the metric functions and velocities (u2r, u
2
φ, u
2
θ ≪ u
2
t ≈ 1):
ds2 = −(1 + 2Φ) dt2 + a(t)2(1− 2Φ) (dr2 + r2dΩ2). (36)
(37)
The virial relation (24) is then easily written as
2K +ΩF +Ωp −
∫
a(t)r2[a¨(t)rΦ′ + a˙(t)(Φ˙ + 2
a˙(t)
a(t)
Φ′r + 3Φ˙′r) + a(t)Φ¨′r]dr = (4πR3ρu2r)
r0
0
, (38)
where
ΩF = −
∫
M(R)
dM(R)
R
(39)
stands for the corresponding FRW potential term. There is an extra potential term due to the perturbed FRW metric:
Ωp = −
∫ ∫ r
0 (Φ˙(r
′, t) +HΦ(r′, t)) .(3Ha2r′2) dr′
r
dM(R), (40)
where the mass term is defined by
M(R) =
R∫
0
4πρR2R′dr,
and the physical radius given by R = a(t)r. The density of the structure, ρ, is related up to the first order of the
perturbation potential energy, similar to the Poisson equation, in the following way:
4πρ = (a(t)−2∇2Φ− 3H(Φ˙ +HΦ)). (41)
In the weak field limit we arrive again at the classical virial theorem. In the case of vanishing Hubble constant the
fourth term in (38) will also vanish similar to the static cases already studied.
Let’s have a look at the case where the structure is almost static and the time derivatives of the perturbation potential
is almost vanishing. Then the virial relation simplifies to
2K +ΩF −
∫ ∫ r
0
(3H2a2r′2)Φ(r′, t) dr′
r
dM(R)− 2
∫
a(t)2r3H2Φ′(1−
q
2
)dr = (4πR3ρu2r)
r0
0
t. (42)
Here is q = −aa¨
a˙2
the deceleration parameter. The appearance of the third and forth term on the left hand side are
due to the cosmological expansion reflecting a novel effect in our virial relation. The third term, corresponding to
the last term in the Poisson equation (41), is a correction to the familiar potential term. The last term is zero for
q = 2. It, however, does not vanish in the accelerated universe with dark energy. Authors using the static form of
the de Sitter metric to calculate the cosmological potential correction to dark energy have missed this term [16]. We
expect different implications of these extra novel terms appearing in our general relativistic virial theorem in different
astrophysical applications such as the mass-temperature profile of the galaxy clusters, the Press–Schecter relation for
halo mass functions, Sachs-Wolfe and integrated Sachs-Wolfe effect. Simulations like Millennium or Illustris of large
scale structures [19] should be an arena to test our virial relation which is beyond the scope of this paper.
8V. DISCUSSION
Using the relativistic distribution function, we have derived a new form of the general relativistic virial relation for
a spherical structure within an expanding universe based on an exact solution of Einstein equations without any ad
hoc assumptions. The results are written in the familiar form known from Newtonian gravity. We then have applied
it to the case of static spherically symmetric and asymptotically Minkowskian structure, and also within a static star
calculating the mass-temperature relation for a relativistic gas model. To be as realistic as possible, we have also
applied our virial relation to a structure within a cosmological expanding background (for the relevance and more
exact formulation of such structures at large scales see [7, 12, 15]). A new term due to the impact of the expansion
of the universe on the structure arise which has been neglected so far in the literature.
Appendix A: Einstein Equations
The non-vanishing Einstein tensor components, assuming the metric (17), are [00, 01, 11, 10, 22, 33]. To use them
in the virial relation we write them in the tetrad basis. The vierbein for the metric is
e
a
ρ =


eα(t,r) 0 0 0
0 eβ(t,r) 0 0
0 0 R(t, r) 0
0 0 0 R(t, r) sin(θ)

 , eρa =


e−α(t,r) 0 0 0
0 e−β(t,r) 0 0
0 0 R(t, r)−1 0
0 0 0 (R(t, r) sin(θ))−1

 . (A1)
To avoid complexity, we use the notations
R′ =
∂R(t, r)
∂r
, R˙ =
∂R(t, r)
∂t
.
The components of the Einstein tensor are
G01 = G10 = −2
e−(α+β)
R
[R˙′ − R˙α′ − β˙R′], (A2)
G00 = −
e−2(α+β)
R2
[−2β′RR′e2α + 2RR′′e2α − R˙2e2β +R′2e2α − e2(α+β) − 2RR˙β˙e2β], (A3)
G11 = −
e−2(α+β)
R2
[2RR¨e2β + R˙2e2β −R′2e2α + e2(β+α) − 2α˙R˙Re2β − 2α′R′Re2α], (A4)
G22 = G33 =
e−2(α+β)
R2
[2RR′′e2α + 2RR′α′e2α − 2RR′β′e2α − 2RR˙β˙e2β − 2RR¨e2β + 2RR˙α˙e2β (A5)
− 2R2β˙2e2β + 2R2α′′e2α + 2R2α′2e2α − 2R2β¨e2β + 2R2α˙β˙e2β − 2R2α′β′e2α].
Appendix B: The existence of an approximate time-like Killing vector in the perturbed FRW metric
We will argue that it is reasonable to talk about a quasi-static structure within a perturbed FRW universe and
to write a virial theorem for it. To this end we show that in a small region around the given structure there is an
approximate time-like Killing vector indicating a quasi-equilibrium of the structure allowing to have a virial theorem.
Take the perturbed FRW metric and the corresponding Killing equation:
ds2 = −(1 + 2Φ) dt2 + a(t)2(1− 2Φ) (dr2 + r2dΩ2) , L ~Kgµν = 0. (B1)
Assume the following ansatz as a solution of the above Killing equation:
~K = A(r, t)∂t +B(r, t)∂r. (B2)
Inserting this ansatz in the Killing equation, for the time radial component we obtain
A(
a˙
a
− Φ˙) +B(
1
r
− Φ′) = 0. (B3)
9Assuming a large galaxy cluster of dimension 10 Mpc, Φ≪ 1 and Φ˙≪ H , we obtain
B
A
= −
Hr
c
≅ 10−4. (B4)
Therefore, we may talk about a quasi-Killing vector for the structure and a quasi-equilibrium state of it.
Appendix C: Spherically symmetric metric
The general form for a spherically symmetric metric is given by
ds2 = −A(t, r)dt2 +B(t, r)dtdr + C(t, r)dr2 +D(t, r)(dθ2 + sin(θ)dφ2). (C1)
We define the new radial variable as r¯2 = D(t, r). This coordinate transformation will change the explicit form of the
functions in metric, but since they are arbitrary, the new functions will be denoted as before. The metric may now
be written as
ds2 = −A(t, r¯)dt2 +B(t, r¯)dtdr¯ + C(t, r¯)dr¯2 + r¯2(dθ2 + sin(θ)dφ2). (C2)
The cross term can be eliminated by redefinition of the time coordinate. The final form of the general spherically
symmetric metric is then written as (skipping the “bar" over the radial coordinate)
ds2 = −A(t, r)dt2 + C(t, r)dr2 + r2(dθ2 + sin(θ)dφ2). (C3)
Therefore, the most general form of a spherically symmetric metric maybe written, without loss of generality, by two
unknown functions.
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